AN ATOMIC DECOMPOSITION CHARACTERIZATION OF FLAG 
HARDY SPACES #£(R n x R m ) WITH APPLICATIONS 
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Abstract. In this paper, we give an atomic decomposition characterization of flag 
Hardy spaces Hp(R n x R m ) for < p < 1, which were introduced in [10] . A remarkable 
feature of atoms of such flag Hardy spaces is that these atoms have only partial cancel- 
lation conditions. As an application, we prove a boundedness criterion for operators on 
flag Hardy spaces. 



1. Introduction and the main result 

Atomic decomposition is a significant tool in studying various function spaces and oper- 
ators arising in harmonic analysis and wavelet analysis (see see Meyer [IT] and Coifman- 
Meyer [5], etc.). The atoms can be viewed as building blocks of functions spaces and 
the problem of boundedness on function spaces can simply be reduced to the uniform 
boundedness of operators on such building blocks "atoms" . 

The atomic decompositions for Hardy spaces in one dimension were first constructed by 
Coifman in 1974 (see [T]) and later were extended to higher dimensions by Latter [12]. The 
multi-parameter case is more complicated. Indeed, a product atom is no longer supported 
in a rectangle (the direct analogue of the cube), but in a general open set. The celebrated 
(p, 2)-atomic decomposition of product Hardy spaces H P (M x R) were constructed by 
Chang-R. Fefferman in [TJ, [2J, [3] . Recently, the general (p, q) atomic decomposition were 
given by Han, Lu and Zhao in [IT] . 

The flag singular integral operators were first introduced by Muller, Ricci and Stein 
when they studied the Marcinkiewicz multiplier on the Heisenberg groups in [13J. To 
study the Ob-complex on certain CR submanifolds of C n , in 2001, Nagel, Ricci and Stein 
[T5] studied a class of product singular integrals with flag kernel. They proved, among 
other things, the L p boundedness of flag singular integrals. More recently, Nagel-Ricci- 
Stein-Wainger in [T6l [17] have generalized these results to a more general setting, namely, 
homogeneous group. For other related results, see [3(8]. 

2010 Mathematics Subject Classification. 42B30,42B20. 

Key words and phrases. Calderon's identity, flag Hardy spaces, atomic decomposition. 
This research is supported by NNSF-China No. 11101423, 11171345. 



2 



XINFENG WU 



For < p < 1, Han and Lu [10] developed a unified approach of Hardy spaces with 
respect to flag multi-parameter structure. The H p and H p — L p boundedness of flag singu- 
lar integral operators and the duality of H p were established via the discrete Littlewood- 
Paley-Stein analysis and discrete Calderon's identity. These ideas were later carried out 
to the weighted case in [6]. However, an atomic decomposition characterization for the 
multiparameter flag Hardy spaces is still absent. 

The purpose of the present paper is to establish an atomic decomposition characteri- 
zation for flag Hardy spaces H F (M. n x M m ) introduced in [10J. As pointed out in pi)], the 
main difficulty lies in the fact that the underling multiparameter structure in the flag case 
is not explicit, but implicit. As a consequence, the classical cancellation conditions on 
atoms are not available for the flag structure. To overcome this difficulty, we lift the flag 
structure to product structure in higher dimensions. More precisely, two types of lifting 
must be considered separately according to different geometric shapes of the rectangles. 
These two different kinds of lifting lead naturally to two different cancellation conditions. 

Before stating our main result, we first recall some basic notions and notations in [TU] . 



The product test function class iS 00 (R ?1+m x IR m ) is the collection of all functions / G 
S(R n+m x M m ) with 



Definition 1.1. A function f(x,y) defined on MJ 1 x M. m is said to be a test function in 
S F (R n x W 71 ) if there exists a function f* G 5oo(M m+n x R m ) such that 



the norm is defined by 

\\f\\s F (M.»xM™) = inf{||/ # || s ^ (K »+m xM m) : for all representations of f in JUJ}. 
Denote by (Sp)' the dual of Sp- 

Let e S(M n+m ) ,^ (2) G S(R m ) be Schwartz funct ions supported in the unit balls 
of R n+m and R m and satisfy 




for all multi-indices a, 7 of nonnegative integers. 



(1.1) 




^|V«(2-^i,2-^2)| 2 = l 



j 



for all (£1,6) 6l"x M m \{(0,0)}, and 



J>< 2 )(2-\)| 2 = 1 



k 
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for all i] G R m \{0} and the moment conditions 

for multi-indices |o;|,|/3|,|7| < Mo, where Mo is a large integer satisfying Mo > [2/p — 
1/2] max{m, n}. Set ipj } k = ijfp *2 V'i^) where *2 denotes the convolution in the sec- 
ond variable of ijfp with where tpj(xi,x 2 ) = 2~^ n+m ^(2~^ x\, 2~^x 2 ) and ipk(xs) = 
2- km ^j(2- k x 3 ). 

For / G (S F )'(R n x R m ), the Littlewood-Paley-Stein square function of flag type 
is defined by 

. 1/2 

9F(f)(x,y)= ( ^^fe*/(x,w)| 2 

The multiparameter flag Hardy spaces can be defined as follows. 

Definition 1.2. For < p < 1, define flag Hardy spaces H F (M. n x R m ) by 
H p F (R n x W n ) = {/ G (<S F )' : o F (/) G L P (R™ x R m )} 
and the H P F norm by 



Now we give the definition of multiparameter flag H F (R. n x R m ) atoms. 

Definition 1.3. Suppose < p < 1. A multiparameter flag H p -atom (or H F -atom) is 
a function a(x 1 ,x 2 ) on R™ x R m supported in some open set Q of finite measure such that 

(1) !HU 2 (iR"xiR m ) < |f2| 1 / p-1 / 2 ; 

(2) a can further be decomposed into "flag particles" clr as follows. 

a=^2a R , 

Ren 

where clr is supported in 6R = 6(1 r x Jr) for some R C Vt with 1(1 r) = 2^ R and 
1(Jr) = the flag particles can be lifted to a* and a* by 

a R (x 1 ,x 2 ) =J a%(x 1 ,x 3 ;x 2 - x 3 )dx 3 = J a%(x 1 ,x 2 - x 3 ;x 3 )dx 3 

and a^(x 1 ,x 3 ;x 2 ), a^(xi,x 2 ;x 3 ) are "pseudo-product particles" which satisfy the 
following properties. If 2 kR > 2^ R , then 
(a) supp a* C R # := Ir x Ir x Jr, where Ir is a cube in R m centered at origin 
with the same sidelength as I R ; 
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(b) satisfies the following moment conditions: 



a^(xi,X3]X2)xiX^dxidx3 = O,for all 22 £ M m and \oc\, \/3\ < k p n — I, 



m yBll 



and 



/ a R (xi, X3', x-i)x\dx2 = 0, for all {x\,x%) G 

JW 1 



pn+m 



and I7I < k p m — 1, 



where k p < [2/p- 1/2]. 
(c) a* is C fcp ™ m xi and £3 and (7 fc p m m x 2 with ||a*||oo < 



1.2) 



cr n a 



dx kn 



R 



d kn a 



dx kn 



< 



d 



R 



and 



R 



d km a 



Q x km 



< 



\J R \ k 



for each k < k p and 



2/p. 



If 2in > 2 kR , then supp a* C i?# := I R x I R x J R , where I R := I R + c Jr (c Jr 
denotes the center of j R ) and it satisfies similar properties as (b) and (c) except 
for the role of x 2 and £3 exchanged. 

Our main result is the following 



Theorem 1.1. LetO < p < 1. If f E Hp(R n xR m ) if and only if f can be written as f 
^2 AfcCZfc where a k are flag p-atoms and the series converges in the norm of H 



P (IBM 



Moreover, 



H* « inf {($^ A ^ '■ for all f = ^2\ k a k }. 



2(jan 



In particular, if f is in both L 
series converges in both L 2 (R n x 



x 



and H 



v /mm 



), then f — XkOk where the 



l m ) and H p JR n x R m " 



, and (E^) p 



< 



n F 



As an application of Theorem 11.11 we obtain the following boundedness criterion for 
operators on flag Hardy spaces. 



Theorem 1.2. Let T be a L 2 bounded linear operator. Then T is bounded from H 



P fiU) n 



X 



l ) < p < 1 to L p (R n x R m ) < p < 1 if and only if \\Ta\\ LP < C uniformly for all 



x 



atoms a, and T is bounded on H 



p na> n 



x 



< p < 1 if and only if 



\\Ta\\H v — C uniformly for all H P F \ 



x 



atoms a. 
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First we show the necessity by constructing an atomic decomposition. Suppose / G 
HplW" 1 x R m ). We need the maximal square function defined by 

i 1/2 

v)\ 2 Xi{x)xj(y) 



g S F P (f)(x,y) := SU P iV^k */(«>' 

I j,k i,j «e^eJ 



where / cl n ,Jcl m are dyadic cubes with side-length 1(1) = 2~ j and l(J) = 2~ k + 2~ j , 
Xi, Xj are the indicator functions of / and J, respectively. It has been shown in [10J that 

(2-1) \\9? P (f)\\ P ^ ll/ll*;. 

Next, set 

n, = {(x,y) G R n x R m : g s F up (f)(x,y) > ?} 

and 

O, = {(x,y) G E" x R m : M s fe)(x,|/) > y^}, 
where Ai s is the strong maximal operator. Obviously, C By the L 2 boundedness 

of Ms, 

(2.2) < C|fij|. 

Denote 

^=(iJ = /x J: |i? n Oi| > l^nfii+il < ]-\R\ 



where /, J are dyadic cubes in M n ,R m with side length 2 J and 2 k + 2 J , respectively. For 
each R = I x J e 7Zi, define 



f R (x,y)= / fj,k(ti,t 2 )ipj,k(x -h,y -t 2 )dt 1 dt 



2- 



R 



where f jt k(ti,t 2 ) := f * ^j,k(h,t 2 ). Set 

and Ai = TlQ^/P/C, where C is a constant which will be determined later. 

From the following Calderon representation formula (see [ID]), / = J2j k f * V^.fc * V'i.fc) 
where the series converges in H F (M. n x M. m ), we see that 

R. i RcKi i 

It is easy to see that 



£A? = cX^ai < C||<£?(/)||k < C\\f\\ 



H v ■ 



XINFENG WU 



Next, we shall show that a« is a Hp-atom. Note that for each R E IZt and (2/1, 2/2) £ R, 
supp /j^,^ C supp i/jj R ,k R ( 4 ~ Vii " — 2/2) C 2i? C fij. and thus eij is supported in the open 
set fli. 

By the definition of g™ 9 and (|2.2|) . 

C2 2 ^|> / (^) 2 (/)(^,y)fcdy 

> ( sup |^- fc */(«,v)|) a |(j x j)nn<| 



(2.3) 



R&Ri 



tei.veJ 



where Z(J) = 2? , 1{J) = 2 k + 2*. 
By duality and OH]) . 



|Oi||2 = sup 

|[fll|2<l 



(2.4) 



£ 2W? ||S 7P, 



ai(x,y)g(x,y)dxdy 

/ fjR,k R ( t l,t2)gj R ,k R (tl,t2)dt 1 dh 



1 11 \RGlZi fc ' 



1/2 



sup |^j,fc * /0,i;)|) z 
" e,/ 



wnere 9j R ,k R (ti,t 2 ) = /„„ xr y)(j>j R ,h R {x -h,y- t 2 )dt 1 dt 2 . 
Finally, we show that a R is a "flag particle" . To this end, write 

a R {x 1 ,x 2 )= / a R h (x 1 ,x 3 ;x 2 -x 3 )dx 3 = / af (a?i, £2 - x 3 ; x 3 )dx 3 , 



where 



a*(xi,x 3 ;x 2 ) = 2 i|fl.|i/ P fjAyi^y2)^ j 1> i :i i : 1 -y 1 ,x 3 )^ ( k z> {x 2 -y 2 )dy 1 dy 2 



C 



'.( 2 ) ( 



and 



a*(x 1)Ia;a ,) 



C 



2 ?; iai 1 / p 



fj,k{VuV2i^f\xi - Vi,x 2 - y 2 )ip { k z> (x 3 ) dy x dy 2 . 



(2), 



Clearly, a* satisfies the moment conditions in (xi, £3) variable and x 2 variable respectively 
while a* satisfies the moment conditions in (xi,^) and £3, respectively. One can also 
check that if k > j, a* is supported in R# = 6(1 r x I r x Jr) and if < j, a* is supported 
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in R# := I R x I R x J R where 

I R := {X3 G M. m : \xs\ < 2 J } and I R := I R + cj R , and Cj R denotes the center of J R . 

To verify the smoothness conditions for a R , we define 

dR '= (/ f R \Myuy 2 )\ 2 d yi dy 2 ") . 

Then the desired estimates for a R follow from 



(xi - yi, x 3 )^ ; (ar 2 - 2/2) |U < 



|7?#| 



+ 



ipf\xi - yi, x 3 )ipf ) (x 2 - y 2 )j 



^{x 1 -y u x^t\x 2 -y 2 )) 



< 



A 



\R*\\Ir\ 



Q x km 



< 



A 



\R*\W' 



(where A is a constant only depending on ^)and Holder's inequality and similarly for a*. 
From the definition of d R and (I2.3p . it is clear that 

\R\(IMM\ 2 dy) 



j2di\R\\f R \ 2 =cY: 



■ \R\ ■ \IrV < c\n, 



ll-2/p 



Relit 



\R#\ 2 2 2i \Qi\ 2 /p 

Thus we complete the proof of necessity. 

Now we turn to the proof of sufficiency part of Theorem 11.11 It suffices to show that 
for each flag atom a, 

||fl'i?( a )||l/P(R™xR m ) < C 

where the constant C is independent of a. Let a be a flag atom supported in an open set 
Q with finite measure. Following Chang- Fefferman's idea in [3], set 

H= [J QR. 



Ren 

R dyadic 



We will split the desired estimate into two parts as follows. 



(2.5) 



g F {a) p (x)dx < C. 



{M(xn)(x)>l/A} 



gF(a) p (x)dx < C, and 

'{M(Xn)(x)<l/4} 

We first show the first inequality in (12. 5p . Suppose a = J2R a R where a R are the flag 
particles. For two different dyadic rectangle R = I R x J R and S = Is x Js, let 

m(R, S) 



min(\I R 


> 


I s \) minfljR 


•> 


Js\) 


m&x(\I R 




7 S |) max(| J R 


,\Js\) 



Next we shall give the pointwise estimate for g R (a)(x). Let S x denote the set of all 
rectangles S = I,s X J,s containing x. Note that for each x G M n x M m and all j, k G Z, 
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there exists a unique rectangle S G S x with 1(1 s) = 2^ and l(Js) = 2 k . Thus, we may 
write 

SeS x 

where Z(J S ) = 2 js = 2 j and Z(J S ) = 2 ks = 2 k . 

Now fix x with M s (xfr)(x) < 1/4. Then fix S = I(S) x J(S) G S x and suppose 
R = I(R) x J(R) C f2 is a dyadic rectangle with R n 5 7^ where i? denote the triple of 
i? (note that if .R D S — 0, we clearly have ipj St k s * o,r(x) = 0). Then there are four types 
of such rectangles R. 

(i) \I R \ > \I S \, \J R \ > \Js\- 
Thus S C 6R. Hence 



\sn6R\ \snn\ „„ , w , 1 



which is a contradiction. So this case could not occur, 
(ii) \I R \ < \I S \, \J R \ > \J S \. 

First consider the case n — m — 1. If j R < k R , then for S G S^, i.e. (xi, x 2 ) G 7s x J 5 , 
we have 

1°/? * fe^sC^i^ ^2)| 

Since 

- c/ H | < |a;3 - 1/3| + |s/3 - c^l < + \Ir\ < 2\I S \, 

a R in x 3 -variable is supported in a translation of 2J 5 . For simplicity, we still use 21 s to 
denote the support. Then we have 

\ a R *^j S ,k s ( x U x 2)\ 

= \ (a?(z/i,y 3 ;z/2) -P(yi,ys,cj s -x 3 )) 

jQIs J J JQ{I R xI R xJ s ) 

x (ipfj(xi - yi,x 3 - y 3 ) - Q(xi - c Ir ,x 3 - Cf R ))if>jj® (x 2 - x 3 - y 2 )dy 2 dy 3 dyi\dx 3 
< ( \Js\ k+1 d R \I R \ k+1 1 



\I r \\Ir\\Js\\Is\ 
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where Pk(yi,U3,Cj s — x 3 ) is the k th order Taylor polynomial of a^(y 1 , y 3 ,y 2 ) i n the third 
variable at (yi,y 3 ,c Js - x 3 ), i.e. 

k d l 
Pk(yi,ys, c Js - x 3 ) = ^2(V2 + x 2 - c Js ) l -jr-ja%(y u y 3 , c Js - x 3 ) 

1=0 y2 

and Q k 1 \x\ — ci R ,x 3 — Cf) is fc-th order Taylor's polynomial of ip^fai — yi,x 3 — y 3 ) at 

(xi -C lR ,X 3 -Cf R ). 

If j R > k R . Then we write 

\a>R * ^j s ,k s (xi,x 2 )\ 

atiVu Uz)$fg{x\ - Vu x 2 -x 3 - y 2 )^f ) s {x 3 - yz)dyidy 2 dy 3 \dx 3 . 
Since | Jg\ < \ Jr\ < \Ir\ < \Is\, we have 

\x 3 - c Jr \ < \x 3 -y 3 \ + \y 3 - c Jr \ < 2\I S \. 



< 



Hence 



\a R *^ jsAs (x 1 ,x 2 )\ < / \ [a*(y u y 2 ;y 3 ) - P k (y u y 2 ; x 3 )] 



lQI s J J JQ(I R xI R xJ s ) 

x [ipfj(xi - yi, x 2 -x 3 - y 2 ) - Q < i\x l - y u x 2 - x 3 - c Ir )} 

(2) 

x i>k a ( Xs ~~ yz)dyidy 2 dy 3 \dx 3 



\Jr\ \Is\J " VI/. 
where P k denotes the k-th order Taylor polynomial of a*. 
Notice that in this special case (ii), 

\Js\ IV 



\Jr\ \Is\ 

and 

|c/ n cS\ 1 



I'sl |c5| \cS\ J cS 
for some constant c > 0. 



Xci?(t)^ < M{ X cr)(x) 



Hence for any r > 0, we have 

\a R ^ js , ks ( Xl ,x 2 )\ <m(S,R) k+ \d R \I R \) ( j^j) ^ (j^f)' ^ 

< m{S,R) k+ \d R \I R \)M^{ XcR ){x) ■ 
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In the general case, the moment conditions of a R allow us to use Taylor's formula of 
higher order to obtain better estimates. We omit the details. 

(hi) \I R \ > \I S \, \J R \ < \J S \. 
Similarly as in the case (ii), we have 



a R *^ js , ks (x 1 ,x 2 )\ < m{S,R) k+1 {d R \I R \)M l l r (xc R ){x) ■ 




(iv) \I R \ < \I S \, \ Jr\ < \Js\- 

We only give the estimate for n — m — 1. We consider two subcases. 
If 3r < k R , then 

\aR*1pj s ,k S ( X li X 2)\ 




2/35 2/2)^ (xi ~yi,x 3 -y 3 )^(x 2 ~x 3 - y 2 )dy 1 dy 2 dy 3 \dx 3 . 



Since \x 3 - CfJ < \x 3 - y 3 \ + \y 3 - CfJ < \I S \ + \Ir\ < 2\I S \, applying Taylor's formula, 
we see that this is 

~ ' w& ' |/sl ) (/// ^•"••^i*'****) 

£ {\m^JJjM w *y {vAm III ^-^T 

=(d R \f R \) M^(xe R )(x) m(S, i?)** 2 " 1 /' 



for any r > 1 and l/t + 1/r = 1. 
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If 3r — kiii then for any r, t with r > 1 and 1/t + l/r = 1, we have the similar estimate 

\a>R * ^j s ,k s (x 1 ,x 2 )\ 



< 



< 



\i R \ k+1 \M k+1 



|/5||/s||/5| fc+1 \ J S\\JS 




a*(Vi,V3,V2)\dyidy2dy3 




\Is\\Is\\Js 

\Ir\\Jr 



\Is\\Js 



k+1 



J \\Is\\Is\\Js 




X 



{y)dy 



) 



l/r 



<AI») M MV^ H)(I )|/ S | 



\Ir\\Jf. 
\Is\\J& 



fc+i 



Combing our estimates (i)-(iv), we see that for any x G S, 



\ip js ,k s * a(x)\'- 



\Ren / \Rcn / 



where 



fc+2-l/r / j \ k+l/r 

\w U) * etype(ii) 



fc+2-l/r 



[ (m(5,i?)) fc+2 - 1/r 



(S 



k+l/r 



i? G type (iii) 
R G type (iv) 



Using the geometric argument as in [T], we get Y^r&ci^R,s — ^ ■ H ence f° r eac h £ with 
M s (xq)(x) < 1/4 and for each r > 1, 



S€S X Ren 



E 



E 



fc+2-l/r 



(5,J2) 



(4j4l 2 )M 2 /'-( Xcit )(x) 



(Xn)(x)(4l4| 2 )M 2 A'(x C K)(x) 



=M fc+2 -^( Xc )( x )^(4|4|2)M 2 / r ( Xci? )(x). 
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Then by Holder's inequality, for all s and t with l/s+l/t=l 

g p F (a)(x)dx 

l/s 



'{M( XTT )(x)<l/4} 

< ( / M^ k+2 - l l r >{xn){x)dx 



i/t 



Ren 



If we choose t = 2/p, choose r so that 1 < r < 2 and finally choose k such that p/2(k + 
2 — l/r)s > 1 (indeed, k = [2/p — 3/2] would be sufficient). Then 



{M( X n)(z)<l/4} 



g F (a)(x)dx < 



J ' Ren 



< C\VL\ 1/s \VL\ [1 - 2/p)l/t < C 
which gives the first inequality in (12. 5p . 

As for the second inequality in (I2.5p . note that pt = 2, by Holder's inequality, 



{M( Xn )(a : )>l/4} 



g p F (a)(x)dx < / g p F \a)(x)dx \{M( Xu )(x) > 1/4}) 1 / 



<c(||a||;f) M 1 - 1 ^ 
kcm^^w^ 2 < c. 



To finish the proof of Theorem 1.1, let / be in both L 2 and H 
f = J2r !r = E* Y^Rcii, fR = Ei Aiaj, where a ( are # 



P AtPn v TCP™ 



P /ran 



xl m ). Then, as before, 
x W 71 ) atoms. We only need 



to show that the series of such an atomic decomposition of / converges also in L 2 norm. 
To this end, as above, by the duality argument as in (12. 4p . 



E 

|i|>JV 



Aia;|| 2 = sup 

l|ff||2<l 



sup 

l|ff||2<l 



^2 Kai(x,y)g(x,y)dxdy 



\i\>N 



S fR( x ^y)9( x ,y) dx dy 



\>N ReKi 



1/2 



~ C { St 1^1' SUP \^k*f(u,v) 

[ |i|>jV R=Ix Jelli {u,v)£R 

Applying the estimate in (2.3) yields 

ii Xia ^ 22 i^i' 



\i\>N 



\i\>N 



where the last term above tends to zero as N goes to infinity since / G L 2 



□ 
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The proof of Theorem 11.11 is concluded. 
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3. Proof of Theorem 11.21 



We first assume that / e L 2 n H F ( 



Let / = Y^Li ^i a i be an atomic decom- 



position of /, where the series converges in both L 2 and H F . Since T is bounded on L 2 , 
thus, 



LP 



< \?\\Ta-\\ p 



LP 



This implies that if ||Ta|| p < C for all H F atoms a then ||T/|| p < C 



h pJot f e L 2 nH F . 



Similarly, if \\Ta\\ H P F < C for all H P F atoms a then \\Tf\\ H p < C\\f\\ H p p for f <E L 2 (1 H P F . 
Since L 2 fl H P F is dense in H F , a density argument finishes the proof of sufficiency The 

< 1. □ 



necessity is obvious because 
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